In the present paper, closed and robust fuzzy sets on the n dimensional Euclidean space R n are considered. The boundedness of their fuzzy sets are not assumed. Then, it is derived that there is a one-to-one correspondence between the class of all closed fuzzy sets and the class of all monotone decreasing left-continuous set-valued mappings, and that there is a one-to-one correspondence between the class of all robust fuzzy sets and the class of all monotone decreasing continuous set-valued mappings.
Introduction
The concept of fuzzy sets has been primarily introduced for representing sets containing uncertainty or vagueness by Zadeh [12] as fuzzy set theory. Then, fuzzy set theory has been applied in various areas such as economics, management science, engineering, optimization theory, operations research, etc.; see, for example, [2, 4, 8, 9, 10, 11] . It is known that any fuzzy set can be represented by the class of its level sets as the representation theorem, and that there is a one-to-one correspondence between the class of all fuzzy sets and the class of classes of sets with some properties; see, for example [1, 6] . In other words, there is a one-to-one correspondence between the class of all fuzzy sets and the class of set-valued mappings with some properties, since classes of sets can be regarded as set-valued mappings. The class of level sets of a fuzzy set has a kind of continuity that each α-level set of the fuzzy set is the intersection of β -level sets of the fuzzy set with respect to β < α. The class of level sets of a robust fuzzy set has another kind of continuity that each α-level set of the fuzzy set is the closure of the strict α-level set of the fuzzy set. One of natural questions is what kind of continuities are they in terms of set-valued mappings. The answer of the question is a new interesting relationship between fuzzy set theory and set-valued analysis, and it can be expected to allow us to apply some fruitful results in set-valued analysis to fuzzy set theory. We adopt the concept of continuity of set-valued mappings in [7] . It is the most suitable for closed and robust fuzzy sets. The purpose of the present paper is to make such continuities clear for closed and robust fuzzy sets in terms of set-valued mappings. In the present paper, closed and robust fuzzy sets on the n dimensional Euclidean space R n are considered. The boundedness of their fuzzy sets are not assumed. Then, it is derived that there is a one-to-one correspondence between the class of all closed fuzzy sets and the class of all monotone decreasing left-continuous set-valued mappings, and that there is a one-to-one correspondence between the class of all robust fuzzy sets and the class of all monotone decreasing continuous set-valued mappings. The remainder of the present paper is organized as follows. In Section 2, some properties of limits of sequences of sets and the continuity of set-valued mappings are presented. In Section 3, closed and robust fuzzy sets are characterized based on the coninuity of set-valued mappings. Finally, conclusions are presented in Section 4.
2 Limits of sequences of sets and continuity of set-valued mappings
In this section, some properties of limits of sequences of sets and the continuity of set-valued mappings are presented in order to characterize fuzzy sets.
Let N be the set of all natural numbers, and we set
For C ⊂ R n , we denote its closure and complement by cl(C) and C c , respectively.
Limits of sequences of sets
First, the definition of limits of sequences of sets and its known properties are presented.
Definition 2.1. [7] For a sequence {C k } k∈N of subsets of R n , its lower limit is defined as the set
and its upper limit is defined as the set
The limit of {C k } k∈N is said to exist if lim inf k→∞ C k = lim sup k→∞ C k , and its limit is defined as the set
subsets of R n and C ⊂ R n , the following statements hold. (
Continuity of set-valued mappings
Next, the definition of the continuity of set-valued mappings is presented, and its properties are investigated. 
The following proposition gives a necessary and sufficient condition for F : ]0, 1] ; R n to be continuous. Proof. First, the necessity follows from Proposition 2.3. Next, we show the sufficiency. Fix any
The following proposition gives necessary and sufficient conditions for F : ]0, 1] ; R n to be left-continuous. 
where α k ↗ α means that α k → α−, and that {α k } k∈N is monotone increasing.
Proof. (i) follows from (iii), (iv), (v), (vi), and (vii) proved later. (ii) follows from (iii), (v), and (vii) proved later. (iii) follows from Proposition 2.1 (ii). (iv) follows from Proposition 2.3. (v) (⇓) and (vii) (⇓) are trivial. (v) (⇑) Let
The following proposition gives necessary and sufficient conditions for F : ]0, 1] ; R n to be right-continuous. 
Characterizations of fuzzy sets
In this section, closed and robust fuzzy sets are characterized based on the continuity of set-valued mappings.
Fuzzy sets
A fuzzy set s on R n is identified with its membership function s : R n → [0, 1]. Let F (R n ) be the set of all fuzzy sets on R n . For s ∈ F (R n ) and α ∈ ]0, 1], the set
for each x ∈ R n is called the indicator function of S. A fuzzy set s ∈ F (R n ) can be represented as
which is known as the representation theorem; see, for example, [1, 6] . A fuzzy set s ∈ F (R n ) is said to be closed if s is upper semicontinuous. A fuzzy set s ∈ F (R n ) is closed if and only if [ s] α is closed for any α ∈ ]0, 1]. Let C F (R n ) be the set of all closed fuzzy sets on R n . A fuzzy set s ∈ F (R n ) is said to be robust if cl({x ∈ R n : s(x) > α}) = [ s] α for any α ∈ ]0, 1[; see, for example, [3, 5] . Let RF (R n ) be the set of all robust fuzzy sets on R n .
Characterizations of closed and robust fuzzy sets
In the following, closed and robust fuzzy sets are characterized based on the continuity of set-valued mappings. Let DS (R n ) be the set of all monotone decreasing set-valued mappings from ]0, 1] to R n , and let C DS (R n ) be the set of all closed-valued monotone decreasing set-valued mappings from ]0, 1] to R n . We set
for each s ∈ F (R n ) and each α ∈ ]0, 1], and let H : DS (R n ) → F (R n ) be a mapping defined as
for each F ∈ DS (R n ). For a nonempty set S, let I S : S → S be the identity mapping. It is known that
, where • denote the composite mapping. See, for example, [1, 6] for these statements. Namely, G 1 and H 1 are bijections, and there is a one-to-one correspondence between F (R n ) and S (R n ).
The following proposition provides relationships among classes of fuzzy sets.
The following proposition provides relationships among classes of set-valued mappings.
Proof.
The following proposition gives a correspondence between the class of all closed fuzzy sets and the class of all monotone decreasing left-continuous set-valued mappings.
Proof. From Proposition 3.2 (ii), it follows that L S (R n ) = C S (R n ). From the definitions of C F (R n ) and C S (R n ), and the statements in the above of Proposition 3.1, it follows that 
The following proposition gives a correspondence between the class of all robust fuzzy sets and the class of all monotone decreasing continuous set-valued mappings.
Proof. From Propositions 2.6, 3.1, 3.2, and the statements in the above of Proposition 3.1, it follows that G(RF (R n ))
and H(L RS (R n )) ⊂ RF (R n ), and we have
From Proposition 3.4, G 3 and H 3 are bijections, and there is a one-to-one correspondence between RF (R n ) and L RS (R n ). Figure 1 illustrates the obtained relationships between fuzzy sets and set-valued mappings. Figure 1 . Relationships between fuzzy sets and set-valued mappings.
Conclusions
In the present paper, closed and robust fuzzy sets on the n-dimensional Euclidean space R n were considered. The boundedness of their fuzzy sets were not assumed. Then, closed and robust fuzzy sets were characterized based on the coninuity of set-valued mappings. First, the continuity, the left-continuity, and the right-continuity of set-valued mappings were investigated, and Propositions 2.3, 2.4, 2.5, 2.6, and 3.2 were derived. Next, based on the obtained properties of the continuity of set-valued mappings, it was derived that there was a one-to-one correspondence between the class of all closed fuzzy sets and the class of all monotone decreasing left-continuous set-valued mappings as Proposition 3.3, and that there was a oneto-one correspondence between the class of all robust fuzzy sets and the class of all monotone decreasing continuous set-valued mappings as Proposition 3.4.
